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Abstract. In this paper, we establish the generalized Hyers-Ulam stability of Jordan ho- 
momorphisms and Jordan derivations between ternary algebras via the generalized Jensen 
equation r = sf(x) + tf(y). 

1. Introduction 

It seems that the stability problem of functional equation had been first raised by Ulam [28] , 
for what metric group G is it true that an e-automorphism of G is necessarily near to a strict 
automorphism?. An answer to the above problem has been given as follows. Suppose Ex 
and E2 are two real Banach spaces and / : Ex — > E2 is a mapping. If there exists e > 
and p > 0,p 7^ 1 such that 

\\f( x + y)-f( x )-f(y)\\<e(\\xr + \\y\n (1.1) 

for all x,y G Ex, then there is a unique additive mapping h : Ex — > E2 such that ||/(a;) — 
Kx)\\ < for every a; € Ex. This result is called the generalized Hyers-Ulam stability 

of the additive Cauchy equation g(x + y) = g(x) + g(y). Indeed, Hyers obtained the result for 
p = 0. Then Rassias [21] generalized the above result of Hyers to the case where < p < 1. 
In 1994, a generalization of Th. Rassias's theorem, was obtained by Gavruta [7] by following 
the same approach as in [21]. 

Following the terminology of [1], a non-empty set G with a ternary operation [.,.,.] : G x 
G xG — * G is called a ternary groupoid and is denoted by (G, [., ., .]). The ternary groupoid 
(A, [.,.,.]) is called commutative if [xx, X2, xa] = [aWi) , ^(2), 2^(3)] for all xx, X2, X3 € A and 
all permutations a of 1,2,3. If a binary operation o is defined on G such that [x, y, z] — xoyoz 
for all x,y,z £ G, we say that [.,.,.] is derived from o. We say that (G, [., ., .] is a ternary semi- 
group if the operation [., ., .] is associative, i.e., if [[x, y, z], it, v] = [x, [y, z, u],v] = [x, y, [z, u, v] 
holds for all x,y,z,u,v G G (see[3]). A ternary algebra is a complex Banach space A, 
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equipped with a ternary product (x,y,z) i — > [x,y,z] of A 3 into A, which is C-linear in 
every variable, and associative in the sense that [x,y, [z,u,v]] = [x, [u,z,y],v], and satisfies 
|| [a?, 3/, ja;] || < ||x||.||j/||.||z|| and ||[a;,a;,a;]|| = ||a;|| 3 (see[l|). If a ternary algebra (A, [., ., .]) has 
an identity e, i.e., an element e 6 A such that x = [x,e, e] = [e, e, x] for all x £ A, then it is 
routine to verify that A, endowed with x o y := [x, e, y] and a:* := [e, x,e], is a unital algebra. 
Conversely, if (A, o) is a unital algebra, then [x,y,z] := x o y* o z makes A into a ternary 
algebra. A C-linear mapping / : A — > A is called: 

• ternary (algebra) homomorphism if 

f([x,y,z]) = [f(x),f(y),f(z)} 

for all x,y,z e A. 

• Ternary (algebra) Jordan homomorphism if 

f([x,x,x]) = [f(x)J(x),f(x)} 

for all x £ A. 

• Ternary (algebra) derivation if 

/([*, y,z\) = [f(x),y, z] + [x, f(y), z] + [x, y, f(z)} 

for all x,y,z e A. 

• Ternary (algebra) Jordan derivation if 

f([x,x,x]) = [f(x),x,x] + [x,f(x),x] + [x,x,f(x)] 

for all x G A. 

A generalization of the Jensen equation is the equation 

rf{ sjc±ty )=sf{x)+tf{yl 

where / is a mapping between linear spaces and r,s,t are given constant values (see [14]). 
A mapping / satisfying /(0) = is a solution of the Jensen functional equation if and only 
if satisfies the additive Cauchy equation f(x + y) = f(x) + f(y) (see [4]). Throughout the 
paper, A denotes a Banach ternary algebra and X is a Banach space. Let a mapping / 
satisfy the generalized Jensen equation. Hence without loss of generality we can assume that 
/(0) = 0. 



2. TERNARY JORDAN HOMOMORPHISMS 



First we obtain the stability of generalized Jensen equation by difference Hyers sequences 
of [13] and [4] , and then we establish the superstability and generalized Hyers-Ulam stability 
of ternary Jordan homomorphisms associated to this equation. 

Theorem 2.1. [17] Let f : X — > X be a mapping with /(0) = 0, for which there exists a 
function ip : X x X — > [0, oo) satisfying 

<t>{x,y) := < oo, 

r z — ' s s s 

and 

llrf{ sx±ty } _ sf{x) _ < (2 1} 

for all x,y G X. Then there exists a unique additive mapping h : X — > X given by h(x) := 
lim n — >oo(§)~ n f((^) n x) satisfying h(^x) = ^h(x) such that 

\\f{x)-h(x)\\<4>{x,x) 
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for all x G X . 

Similarly we have the following theorem. 

Theorem 2.2. Let f : X — > X be a mapping with /(0) = for which there exists a 
function ip : X x X — > [0, oo) satisfying 

1 oo 

<p{x,y) := - (- K y n y) < oo, (2.2) 

and 



s z — ' s 

n=0 



|| r/( ££±*W ) _ sf{x) _ t/(y) || < ^ Xiy)> (2 .3) 

for all x,y G X. Then there exists a unique additive mapping h : X — > X given by 
h(x) := lim n _^ 00 (5) n /((5)""a;) satisfying h(^x) = ^h(x) such that 

\\f{x)-h{x)\\<<p{x,x), 

for all x G X . 

Now we prove the superstability problem for ternary Jordan homomorphisms as follows. 

Proposition 2.3. Let r ^ s and h : A — > A be a mapping with h(-x) — -h(x),x G A for 
which there exists a function ip : A A — > [0, oo) satisfying 

lirn (L)-»< p ({L)» x ,(Z)»y,(Z)» a ) = 

n >oo s S S S 

and 

f^SX+J^jJ^ _ _ r ft ( a w w a )ii| 

r 

<<p(x,y,a), (2.4) 
for all fj, G C and all x,y,a G A. Then h is a ternary Jordan homomorphisms. 

Proof. h(0) = 7/1(0) and ^ / 1, then h(0) = 0. Put n = l,o = and replace by 
(j) n x, (^) n y in (2.4), respectively, we get 

l|r(-)-"M( !1 r ££± ^) - «(-)-"/»((-)"!) + t(-)-"M-) n J/H 
s s r s s s s 

<(^)->((^r^(^r»,o). 

s s s 

If n — > 00 in above inequality, then we conclude that h satisfies the Jensen equation. Hence 
h is additive. Similarly one can prove that h([±x) — /j,h(x) for all fj, € C all x G A. Putting 
x — y — and replacing a by {^) n a in (2.4), we get 

||rft(^) - [h(a)h(a)h(a)]\\ = (Ly^^ ^T^l^M ) 

-[h(^ s ra)h(^ s ra)h(^r)]\\ 

<(^)- 3 >(0,0,(^ra) 

<(-)->(0,0,(-)"a), 
s s 

for all a £ A. The right hand side of above inequality tends to zero as n — > 00, so that 

h([aad\) = Wi(^i) = \h(a)h(a)h(a)] 
r 

for all a G A. Hence, ft is a ternary Jordan homomorphism. □ 
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Theorem 2.4. Let f : A — > A be a mapping such that /(0) = 0, for which there exists a 
function ip : A 3 — > [0, oo) such that 



<p{x, y, a) := ± J2C-rAC-yx, C-YV, (-)'a) < oo, (2.5) 

and 



3=0 



llrf{ »sx + »ty + [aaa] ) ^ f{y) [/(a)/(a)/(a)] || 

<(p(x,y,a), (2.6) 
for all jx G T 1 = {Z G C : \z\ = 1} and all a € A. Then there exists a unique ternary Jordan 
homomorphism h : A — > B such that 

\\f(x)-h(x)\\<!p(x,x,0) (2.7) 

for all x £ A 

Proof. Put a — and /j, = 1 in (2.6). By using theorem 2.1, there is a unique additive 
mapping h : A — > B defined by h(x) — \im„ — >oo(^)~ n f{{^) n x), and satisfying (2.7) for all 
x G X. Let /i G T 1 . Replace x by (^) n+1 x and put y = in (2.6), then 

u/((^)Vr) - Mjrv^r+Mii < lv((- s r +i x,o,o), 

for all x £ A. It follows from the inequality |jr/(a;) — sf(^x)\\ < ip(^x,0,0) that 



Hence, 



u/(er*) - erV(R n+1 *)ii < -M(-r +i x,o,o). 



C-rv{C-r^)~^-r n fiC-) n x) 

s s s s 



< ( r ri/((-)Vc) ^(-rV((-r + M 

s s s s 

+ (-)^llM/((-)^)-M-)- 1 /((-) n+1 ^) 



<2(-)-(^((^)"+ 1 a; ,0,0) 

for all x £ A. The right hand side of above inequality tends to zero as n — > oo. By using 
(2.3), we get 

h(jix)= lim C-r n f{C-T^)= lim (M-r"/((-) n *))=M(z), 

n >oo s S n >oo s S 

for all x G A. Let A G C(A 7^ 0) and let M be a natural number greater than 4|A|. Then 
|-p-|<|<l — § = §■ By theorem 1 of [10], there exist three numbers jUi,/H2,M3 G T 1 such 
that 3jj = fii +/U2 + /i3- By the additivity of /i we get = ^h(x) for all i£A. Therefore 

MA,) = h(f ■ 3 • = M h{ \ . 3 • A«) = f fc(3 ■ ^x) 

= ^-h(mx + fi2X + n 3 x) = ^-(h(ij,ix) + h{p, 2 x) + h(/j,3x)) 

M MX 

y (Mi + + fJ-s)h(x) = — • (3 ■ J^) h ( x ) = Xh ( x ) 

for all a; G A. So /i is C- linear. Set n — 1 and a; = y = 0, and replace a by (§)™a, respectively, 
in (2.6). Then 

(-r 3n |k/((-) 3 "^) - [/((-) n «)/((-) n «)/((-)"a)]|| 
s s r s s s 
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<(5^(0,0,(5"a), 

for all a £ A. Then by applying the continuity of the ternary product (x,y, z) i — > [xyz] we 
deduce 

h([aaa]) = rh( — [aaa\) 
= lim C-r' in rf{C-f n[ ^) 

n >oo S S V 

= lim [( r -)-"f(( r -)" a )( r -)- n f(( r -ra)( r -)- n f(( r -ra)] 

n >oo s S S S S S 

= [h(a)h{a)h(a)], 

for all a 6 A. Thus h is a ternary Jordan homomorphism satisfying the required inequality. 

□ 

Corollary 2.5. Let f : A — > A be a mapping such that /(0) = 0, for which there exists 
e > and p < 1 such that 

llrf{ nsx + nty + [aaa] } ^ f(y) [/(a)/(a)/(a)]|| 

<e(\\x\\ p + \\y\\ p + \\a\n, 
for all /i € T , and a/Z x,y,a £ A. Then there exists a unique ternary Jordan homomorphism 
h : A > A such that 

\\f(x)-h( X )\\< ^ £ jf p , 

for all x € A. 

Proof. Define tp(x,y,a) = e(||a;|| p + + ||a|| p ), and apply theorem 2.4. □ 

Remark 2.6. When p > l,one may use the same techniques used in the proof of theorem 
2.4 to get a result similar to corollary 2.5. 

Corollary 2.6. Let A be linearly spanned by a set S C A and f : A — > A be a mapping 
with /(0) = satisfying /((r) 2 «[ SlS2a ]) = [/((r)" Sl )/((r)" S2 )/( a )] for all sufficiently large 
positive integers n, and all Si,S2 € S, a £ A. Suppose that 

\\rh(fisx + jity + [aaa]r) — fish(x) — nth(y) — [h(a)h(a)h(a)]\\ 

< ip(x,y,a), 

for all /i £ T 1 and all x,y € A. Then there exists a unique ternary Jordan homomorphism 
h : A — > A satisfying (2.7) for all x G A. 

Proof. By the same argument as in the proof of theorem 2.4, there exists a unique linear 
mapping h : A — > A given by 

h(x) := lim (I)-»/((I)» a; ) ) ( X e A), 

n ► oo S S 

such that 

\\f(x)-h(x)\\<<p(x,x,0), 

for all x a A. Then 

h([s lS2 a]) = lim ( r - r ^ fm L rsi)i{ r _ rs2)a]) 

n ► oo S S S 

= lim [( r -)-f(C-rs 1 )C-)- n f(C-) n S2)f(a)] 

n -oo S S S S 



= [h( Sl )h{s 2 )h{s3)}. 
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By linearity of h, we have 

h([aaa]) — [h(a)h(a)h(a)] 
for all a £ A. Therefore (f ) n h{[aaa]) = h{[aa{^) n a)]) = [h(a)h(a)f({^) n a)], and so 

h([aaa}) = lim (-)- n [h(a)h(a)f((-) n a)] 

n >oo s S 

= [h(a)h(a) lim £)- n f(£) n a)] 

n *oo S S 

= [h(a)h(a)h{a)], 

for all a € A. □ 

Theorem 2.7. Suppose that f : A — > A ts mapping with /(0) = for which there exists a 
function ip : A 3 — > [0, oo) fulfilling (2.5), and (2.6) for fx = 1, i and all x £ A. Then there 
exists a unique ternary Jordan hornomorphism h : A — > A such that 

\\f{x)-h(x)\\<<p(x,x,0), 

for all x £ A. 

Proof. Put a = and /i = 1 in (2.6). By the same argument as theorem 2.4 we infer that 
there exists a unique additive mapping h : A — > A given by 

h(x) := Km (I)-/((I)» a; ) ) 

n >oo s S 

and satisfying (2.7) for all x £ A. By the same reasoning as in the proof of the main theorem 
of [21], the mapping h is R-linear. Replace x by {^) n x, y by 0, respectively, and put /i = i 
and a = in (2.6). Then 

(-ri\ r -m-r-^)-m r -r^\\ <^r*v((^r*>o,o), 

for all i£ A The right hand side of above inequality tends to zero as n — > oo, hence 
h(ix)= lim (-)- n+1 f((-) n - 1 ix) = lim i(H)-»/((-)"x) = ih(x), 

n >oo s S n >oo s S 

for all x £ A. For every A £ C we can write A = ct\ + 102 in which oti, ct2 £ K. Therefore 
h(\x) = h(aix + ict2x) — aih(x) + ct2h(ix) 
= ctih(x) + ia 2 h(x) — {a.\ + \a.2)h{x) 
= Xh(x), 

for all x £ A. Hence, h is C-linear. □ 



3. TERNARY JORDAN DERIVATIONS 

In this section, we establish the superstability and generalized Hyers-Ulam stability of 
Jordan derivations associated to the generalized Jensen equation. 

Proposition 3.1. Let r ^ s and h : A — > A be a mapping with h(^x) — ^h(x), for all 
x £ A, for which there exists a function ip : A 3 — > [0, oo) satisfying 

lim (-)->((-)"*, (-rM-)"a) = 

n >oo s S S S 

and 

\\rh( ^ SX — — \- aaa ^ ) _ ^ a h{x) — )J.th(y) — [h(a), a, a] — [a, h(a), a] — [a, a, h(a)]\\ 

<ip(x,y,a), (3.1) 
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for all n £ C and all x,y,a e A. Then h is a ternary Jordan derivation. 

Proof. It follows from h(0) = ^ft(O) and § / 1 that h(0) = 0. Put \x = 1, o = and replace 
i,!/ by (^) n x, respectively, in (3.1), we get 

ii r( :)-» ft ( ( :)»££±^) - ^^-^((i)^) +t( :)-» ft( : ry || 
<(^)->((^r^(^r»,o). 

If n — > oo, in above inequality, then h satisfies the Jensen equation. Hence h is additive. 
Similarly one can prove that h(fix) = fih(x) for all p G C all x £ A. Putting x = y = and 
replacing a by (f )™a in (3.1), we get 

llrh{ [^M ) _ [h{a) ^ a] [aMa)M _ [a,a,h(a)]|| = {ly^rh ^^^^ ) 

- [h{C-Ta), C-) n a, C-Ta] - [(-Ta, ft((^)"a), (^)"a] 

o o o o o o 

- [(-)"a, (!l)»a, < (-)" 3 >(0, 0, {-) n a) 

s s s s s 

<(J)->(0,0,(J)"a), 
for all a e A. The right hand side of above inequality tends to zero as n — > oo, so that 

h([a, a, a]) = rh( — — — ) = [h(a), a, a] + [a, h{a), a] + [a, a, h(a)\ 

thus h is a ternary Jordan derivation. □ 

Theorem 3.2. Let f : A — > A be a mapping such that /(0) = 0, for which there exists a 
function ip : A A — > [0, oo) such that 

1 00 

$>(*, y, a) := - J2(-yW((-Yx, (-Yy, (-/a) < oo, (3.2) 

3=0 



and 



<<^(x,2/,o), (3.3) 

/or aZZ pi G T 1 = {Z 6 C : \z\ — 1} and all a & A. Then there exists a unique ternary Jordan 
derivation h : A — > A such that 

\\f{x)-h(x)\\<<p(x,x,0) (3.4) 

for all x <= A 

Proof. Put a — and [i = 1 in (3.3). By using theorem 2.1, there is a unique additive 
mapping h : A — > B defined by h(x) — lim n — >oo(j)~ n f((j) n x), and satisfying (3.4) for all 
x e X. Let fj, £ T 1 . Replace x by (§) n+1 :r and put y = in (2.6), then 

n/((i)v^) - K-)" 1 /((-r +1 ^)ii < -^((-) n+1 ^,o,o), 

s s s r s 

for all a; € A It follows from \\rf(x) - s/(§x)ll < <fi{^x,0, 0) that 

ll/((-) n *) - (-r7((-) n+1 *)ll < ^((-) n+1 ^,o,o). 
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Hence, 

fy-v{fy n rt-i*{- a r n m- 8 ) n x)\\ 

<( L s ri\f(C-r»x)-»( L s r 1 m L s r +1 x)\\ 
+ (-)-"ii/"/((-) n ^)-M-)- 1 /((-r + Mii 

s s s s 

<2(^r"(^((-r + Vo,o) 

s r s 

for all x £ A. The right hand side of above inequality tends to zero as n — > oo. By using 
(2.3), we get 

h(/ix) = lim (-)""/((-)"/«!)= lim (/i(-)~ n f((-) n x)) = tih(x), 

n >oo s S n >oo S S 

for all x € A. We have, h(0x) = = 0/i(a;). Let A G C(A / 0) and let M be a positive 
integer greater than 4|A|. Then |-^-| < | < 1 — § = §■ By theorem 1 of [10], there exist 
three numbers (11,112,113 £ T 1 such that 3-p- = 111 + 112 + (13- By the additivity of h we get 
h(l) = |ft(a;) for all x £ A. Therefore 

x >/^" A . ,,,,1 A . M,,„ A . 
ft(Ax) = My ■ 3 • ^x) = MM3 • 3 • -x) = —h(S ■ -x) 

M M 
= —h(fiix + 112X + fiax) = — (h(fiix) + h(fi2x) + h((i3x)) 

M MX 

+/J-2 + /J-s)h(x) = — ■ 3 ■ J^ h ( x ) = Xh ( x ) 

for all x £ A. So that h is C-linear. Set fi — 1 and x = y = 0, and replace a by (§)"a, 
respectively, in (3.3). Then 

C-r An \\rf{(-f n[ ^^) - [/((-)"a), (I)»o, (-)"a] 

s s r s s s 

/((-)"<*), - (^)"a, /((^)"a)]|| 

s s s s s s 

<(-)- 3 >(0,0,(-)"a), 
s s 

for all a £ A. Then by applying the continuity of the ternary product (x,y, z) 1 — > [xyz] we 
deduce that 

h([a,a,a]) = rh(-[a,a,a])= lim (l!)- 3 ",./^) 3 "^^!) 

r n — 100 s s r 

= lim (l)-^ m ( T -)"a),(-ra,(-Ta] 

n >oo S S S S 

+ [(-)> f((-Ta), ( r -) n a] + [(-)> (I)»a, /((-)%)]) 

s s s s s s 

= lim ([(;)-7((;) B a),o,a] + [o,(;)-7((;) B a),a] 
n >oo s s s s 

T _ 7* 

+ [a, a, (-) n /((-) n a)]) = [ft(a), a, a] + [a, /i(a), a] + [a, a, h{a)\ 

for all a £ A. Hence, h is a ternary Jordan derivation satisfying the required inequality. □ 

Corollary 3.3. Let f : A — > A be a mapping such that /(0) = 0, for which there exist 
e > and p < 1 such that 
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<£(IMr + IMr + IMI 3p ), 

for all /i G T 1 , and all x,y,a € A. Then there exists a unique ternary Jordan derivation 
h : A — > A such that 

2r~ p F\\r\\ p 
\\f(x)-h(x)\\< J_ p £ J X J_ p , 

for all x £ A. 

Proof. Define <p{x,y,a) = e{\\x\\ p + \\y\\ p + \\af p ), and apply theorem 3.2. □ 

Corollary 3.4. Let A be linearly spanned by a set S C A and f : A — > A be a mapping 
with /(0) = satisfying 

/((^) 2 "[ Sl , S2 ,a]) = [/((^)" Sl ),(5" S2 ,a] + [(^r Sl ,/((^r S2 ),a] + [(^r Sl ,(^r S2 ,/(a)] 
for all sufficiently large positive integers n, and all si,s 2 € S, a € A. suppose that 

\\rh C SX + ^ + [ "' a] ) - fish{x) - fith{y) - [h{a),a,a] - [a,h(a),a] - [a, a, h{a)]\\ 

< (p(x,y,a), 

for all /i € T 1 and all x,y G A. Then there exists a unique ternary Jordan derivation 
h : A — > A satisfying (3.4-) for all x G A. 

Proof. By the same argument as in the proof of theorem 3.2, there exists a unique linear 
mapping h : A — > A given by 

h{x):= Km (^-"/((^"z), (x € A). 

n »oo S S 

Such that 

\\f(x)-h(x)\\<v(x,x,0), 

for all x G A. Then 

h([ S1 , S2 ,a])= um ( r ) -^ /([(( r ) ™ sl)(( : ) « S2)a]) 

n >oo S S S 

= lim ([(!)-"/(( V s 0,(V n (5"s2,a] 

+ [(-)^(-) n *i,(-)- n /((-)^2),a] 
s s s s 

+ [C-r n C-rs 1 ,( r -r n C-) n s2,f(a)] 

S S S s 

= [h(s 1 ),s 2 ,a] + [si, ft(s 2 ), a] + [si, s 2 , ft(o)]. 

By the linearity of h we have 

h([a, a, a]) = [h(a),a, a] + [a, h(a), a] + [a, a, h(a)] 

for all a £ A. Therefore 

(-) n h([a, a, a}) = h([a, a, (-)"o)]) = [ft(o), a, (-)"a] + [a, fc(a), (-)"a] + [a, a, /((-)"«)], 
tS s s s s 

and so 



h([aaa]) = lim (-)-"([ft(o), a, (-)"»] + [a, fc(a), (-)"a] + [a, a, /((-)"«)]) 

n >oo $ S S S 

= [h(a), a, (-)""(-)"»] + [a, h(o), (-)""(-)"<*] + [a, a, lim (I)-»/((I)» a )] 

S 5 S S n >oo s s 

= [/i(a), a, a] + [a, h(a),a] + [a, a, h(a)], 
for all a € A. □ 
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